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$\tau$ : $Parrow\{1,2, \cdots, n\}(n=\# P)$
$P$ $x\leq y$ $\mathbb{Z}$ $\tau(x)\leq\tau(y)$





$P$-partition $P$-partition $\mathcal{A}(P)$ $\sigma\in$
$\mathcal{A}(P)$ $| \sigma|=\sum_{v\in P}\sigma(v)$ linear extension $e(P)$
$\mathcal{A}(P)$
$\sum_{\sigma\in \mathcal{A}(P)}z^{|\sigma|}$
$\lambda=(\lambda_{1}, \lambda_{2}, \cdots)$ Young (Ferrers )
$D(\lambda)=\{(i,j)\in \mathbb{P}^{2}:1\leq j\leq\lambda_{i}\}$
( $\mathbb{P}$ ) $D(\lambda)$ $i\leq k$
$j\leq l$ $(i, j)\geq(k, l)$
$D(\lambda)$ linear extension, $D(\lambda)$ -partition $D(\lambda)$
(reverse plane partition) $v=(i, j)\in D(\lambda)$
$D(\lambda)$
$H_{D(\lambda)}(i,j)=\{(i,j)\}\cup\{(i, l)\in D(\lambda):l>j\}\cup\{(k,j)\in D(\lambda):k>i\}$
$v$
$($ ho$ok)$ $h_{D(\lambda)}(v)=\# H_{D(\lambda)}(v)$ (hook length)
1.1. $\lambda$ $n$
1870 2013 46-57 46
(1) (Frame-Robinson-Thrall [3]) $D(\lambda)$ linear extension
$e(D( \lambda))=\frac{n!}{\prod_{v\in D(\lambda)}h_{D(\lambda)}(v)}$ (1)
(2) (Stanley [12]) $D(\lambda)$
$\sum_{\sigma\in \mathcal{A}(D(\lambda))}z^{|\sigma|}=\frac{1}{\prod_{v\in D(\lambda)}(1-z^{h_{D(\lambda)}(v)})}$ (2)
Young d-complete
$P$
$e(P)= \frac{n!}{\prod_{v\in P}h_{P}(v)}$ , (3)
$\sum z^{|\sigma|}=\frac{1}{\prod_{v\in P}(1-z^{h_{P}(v)})}$ (4)
$\sigma\in \mathcal{A}(P)$









$\sum_{\sigma\in \mathcal{A}(P)}W_{P}(\sigma;q, t)z^{|\sigma|}=\prod_{v\in D(\lambda)}\frac{(tz^{h_{P}(v)};q)_{\infty}}{(z^{h_{P}(v)};q)_{\infty}}$
$($
$(a;q)_{\infty}= \prod_{i\geq 0}(1-aq^{i})$ $)$ $\mathcal{A}(P)$ (
)
\S 2 $d$-complete
\S 3, \S 4 2 $(q, t)$ ( ) \S 3 $(q, t)$





2.1. $P$ $k$ $z=(z_{1}, \cdots, z_{k})$
$c$ : $Parrow\{1,2, \cdots, k\}$ ( ) $h$ : $Parrow \mathbb{N}^{k}$ ( )
$\sum z^{\sigma}=\frac{1}{\prod_{v\in P}(1-z^{h(v)})}$ (5)
$\sigma\in \mathcal{A}(P)$
( $z^{\sigma}= \prod_{v\in P}z_{c(v)}^{\sigma(v)}$ ) $P$ $k$
( $k$-colored hook length poset)
1.1 (2) Young $D(\lambda)$ 1
$D(\lambda)$ $(\lambda_{1}+\lambda_{1}’-1)$
$\lambda’$ $\lambda$
2.2. (Gansner [5]) $\lambda$ $\mathcal{A}(D(\lambda))$
$\sum z^{tr(\sigma)}= \prod \frac{1}{1-z[H_{D(\lambda)}(v)]}$ (6)
$\sigma\in \mathcal{A}(D(\lambda)) v\in D(\lambda)$
$z^{tr(\sigma)}= \prod_{(i,j)\in D(\lambda)}z_{j-i}^{\sigma(i,j)}, z[H_{D(\lambda)}(v)]=\prod_{(i,j)\in H_{D(\lambda)}(v)}z_{j-i}$
Proctor [7], [8] Young Young d-complete
Peterson-Proctor [9] $d$-complete
d-complete
$P$ 2 $x,$ $y$ ( $x\leq y$ ) $[x, y]=\{z\in P$ :
$x\leq z\leq y\}$ $P$ $P$ $\#[x, y]=2$
( $x<y$ $x<z<y$ $z\in P$ ), $y$ $x$
$P$ Hasse $P$
2.3. $k$ 3





(a) $P$ $d_{k}(1)$ $d_{k}$
(b) $k\geq 4$ $P$ $d_{k}^{-}(1)$ $d_{k}^{-}$
(c) $P$ 3 $x,$ $y,$ $w$ $x,$ $y$ $w$
$d_{3}^{-}$
$d_{3}^{-}$ Proctor [7], [8]
2.4. $P$ 3 (Dl), (D2), (D3) $k$
$P$ $d$-complete :
(Dl) $P$ $I$ $d_{k}^{-}$ $I$ $v$ $I\cup\{v\}$
(D2) $I=[w, v]$ $v$ $u$ $P$ $u\in I$
(D3) $I,$ $I$’ $d_{k}^{-}$ $w$ , w’ $I,$ $I$’
$I-\{w\}=I’-\{w’\}$ $I=I’$
2.5. (a) (rooted tree) , 1 Hasse
$d$-complete
(b) double-tailed diamond $d_{k}(1)$ $d$-complete
(c) $\lambda$ Young $D(\lambda)$ $d$-complete
(d) $\mu=(\mu_{1}, \cdots , \mu\iota)(\mu_{1}>\cdots>\mu_{l}>0)$ Young
$S(\mu)=\{(i,j)\in \mathbb{P}^{2}:i\leq j\leq\mu_{i}+i-1\}$





$T=$ {$x\in P$ : $y\geq x$ $y$ 1 }
$P$ top tree $T$ $P$ Hasse ( )
2.7. ([8, Proposition 8.6]) $P$ $d$-complete $T$
top tree $I$ $\# I=\# T$ $c:Tarrow I$ 3
$c:Parrow I$ :
(Cl) $x,$ $y$ $c(x)\neq c(y)$
(C2) $[w, v]$ ( ) $c(x)(x\in[w, v])$
(C3) $[w, v]$ $d_{k}$ $c(w)=c(v)$
$c$ : $Parrow I$ $d$-complete
2.8. (a) $\lambda$ Young $D(\lambda)$ top tree
$T=\{(1,1)\}\cup\{(1,2), \cdots, (1, \lambda_{1})\}\cup\{(2,1), \cdots, (\lambda_{1}’,1)\}$
$I=\{-\lambda_{1}’+1, \cdots, -1,0,1, \cdots, \lambda_{1}-1\}$
$c(i,j)=j-i ((i,j)\in D(\lambda))$
$d$-complete
(b) $\mu$ $($ $l(\mu)\geq 2)$ Young $S(\mu)$
top tree $\ovalbox{\tt\small REJECT} f$
$T=\{(1,1), (1,2), \cdots, (1, \mu_{1})\}\cup\{(2,2)\}$
$I=\{0,0’, 1,2, \cdots, \mu_{1}-1\}$
$0$ ( $i=j$ $i$ )
$c(i,j)=$ $\{$ $0’$ ( $i=j$ $i$ )






2.9. $P$ $d$-complete $c$ : $Parrow I$ $d$-complete
$z=(z_{i})_{i\in I}$ $v\in P$ $h_{P}(v)$
$z[H_{P}(v)]$ :
(a) $v$
$h_{P}(v)= \#\{w\in P:w\leq v\}, z[H_{P}(v)]=\prod_{w\leq v}z_{c(w)}.$
(b) $v$ $d_{k}$ $[w, v]$
$h_{P}(v)=h_{P}(x)+h_{P}(y)-h_{P}(w) , z[H_{P}(v)]= \frac{z[H_{P}(x)]\cdot z[H_{P}(y)]}{z[H_{P}(w)]}.$
$x,$ $y$ $[w, v]$ 2
d-complete
2.10. $P$ $d$-complete $\# P=n$
(1) (Peterson) $P$ linear extension
$e(P)= \frac{n!}{\prod_{v\in P}h_{P}(v)}$ (7)
(2) (Peterson-Proctor) $P$-partition
$\sum_{\sigma\in \mathcal{A}(P)}z^{\sigma}=\prod_{v\in P}\frac{1}{1-z[H_{P}(v)]}$ (8)
d-complete $\# T$
$d$-complete
2.11. Hasse $P_{1},$ $P_{2},$ $P_{3}$
$P_{1}=$ $P_{2}=$ $P_{3}=$
$P_{1},$ $P_{2},$ $P_{3}$ $d$-complete ( (D3) (D2), (D3)







$P_{1},$ $P_{2},$ $P_{3}$ 4
3 $d$-complete $(q, t)$
Peterson-Proctor (8) $(q, t)$
$d$-complete
3.1. ([7, \S 3]) $P$ $d$-complete
(1) $P$ 1
(2) $P$ $r$ : $Parrow \mathbb{N}$ $y$ $x$
$r(y)=r(x)+1$
$q,$ $t$ $n,$ $m$
$f_{q,t}(n;m)= \prod_{i=0}^{n-1}\frac{1-q^{i}t^{m+1}}{1-q^{i+1}t^{m}}$
3.2. $P$ $d$-complete $v_{0}$ $r$ : $Parrow \mathbb{N}$
$T$ $P$ top tree $c$ : $Parrow T$ $d$-complete $c(v)=v$
$(v\in T)$ $P$-partition $\sigma\in \mathcal{A}(P)$ $W_{P}(\sigma;q, t)$
$W_{P}(\sigma;q, t)$
$\prod_{x,y\in P} f_{q,t}(\sigma(x)-\sigma(y);d(x, y)) \prod_{x\in P} f_{q,t}(\sigma(x);e(x, v_{0}))$
$= \frac{s.t.x<y,c(x)\sim c(y)s.t.c(x)=v0}{\prod_{x,y\in P}f_{q,t}(\sigma(x)-\sigma(y);e(x,y))f_{q,t}(\sigma(x)-\sigma(y);e(x,y)-1)}$
(9)
$s.t. x<y,c(x)=c(y)$
$T$ $c(x)$ $c(y)$ $c(x)\sim c(y)$
$d(x, y)= \frac{r(y)-r(x)-1}{2}, e(x, y)=\frac{r(y)-r(x)}{2}$
$(c(x)\sim c(y)$ $r(y)-r(x)$ $c(x)=c(y)$ $r(y)-r(x)$
)
52
3.3. $P$ $d$-complete (9) $W_{P}(\sigma;q, t)$
$\sum_{\sigma\in \mathcal{A}(P)}W_{P}(\sigma;q, t)z^{\sigma}=\prod_{v\in P}\frac{(tz[H_{P}(v)];q)_{\infty}}{(z[H_{P}(v)];q)_{\infty}}$ . (10)
$q=t$ $f_{q,q}(n, m)=1,$ $W_{P}(\sigma;q, q)=1,$ $(tx;q)_{\infty}/(x;q)_{\infty}=$




(2) ( [6]) Young $D(\lambda)$ ,
(3) ( [6]) Young $S(\mu)$ ,
(4) ( bird.
3.3
3.5. $P,$ $Q$ $x\in P$ $u,$ $v\in PuQ$
(a), (b), (c) $u\geq v$
(a) $u,$ $v\in P$ $P$ $u\geq v$
(b) $u,$ $v\in Q$ $Q$ $u\geq v$
(c) $u\in P,$ $v\in Q$ $P$ $u\geq x$
$PuQ$ $P^{x}\backslash Q$ $P$ $Q$ $x$
(slant sum)
3.6. $P,$ $Q$ Hasse $P^{x}\backslash Q$
Hasse
$P=$ $Q=$ $P^{x}\backslash Q=$
3.7. $([7,$ Proposition $3.B])$ $P,$ $Q$ $d$-complete $x\in P$
(a), (b)





3.8. $P,$ $Q$ $d$-complete $x\in P$ 3.7 (a),





shapes, shifted shapes, birds, insets, tailed insets, banners, nooks, swivels,
tailed swivels, tagged swivels, swivel shifts, pumps, tailed pumps, near bats,
bat.
(shape, shifted shape Young Young )
3.8 3.3
4 $(q, t)$
$(q, t)$ $P$ $P$ $\mathbb{N}$




$z^{\sigma}= \prod_{v\in}(z^{h(\sigma)})^{\hat{\sigma}(v)} (\sigma\in \mathcal{A}(P))$ (11)
4.2. $P$ $P$ $\# P$ $\sigma\in \mathcal{A}(P)$
$\hat{\sigma}\in \mathcal{M}(P)$
$\hat{\sigma}(v)=\{\begin{array}{ll}\sigma(v) ( v\hslash‘ )\sigma(v)-\sigma(v’) ( )\end{array}$






[4] Young Sagan [11]
$d$-complete




4.3. $P$ $k$ $\Theta$ : $\mathcal{A}(P)\ni\sigma\mapsto\hat{\sigma}\in \mathcal{M}(P)$
4.1 $\sigma\in \mathcal{A}(P)$ $W_{P}’(\sigma;q, t)$
$W_{P}’( \sigma;q, t)=\prod_{v\in P}f_{q,t}(\hat{\sigma}(v);0)=\prod_{v\in P}\prod_{i=0}^{\hat{\sigma}(v)-1}\frac{1-q^{i}t}{1-q^{i+1}}$ (12)
$\sum_{\sigma\in \mathcal{A}(P)}W_{P}’(\sigma;q, t)z^{\sigma}=\prod_{v\in P}\frac{(tz^{h(v)};q)_{\infty}}{(z^{h(v)};q)_{\infty}}$. (13)
$d$-complete 3.3 4.3 2 $(q, t)$
:
$\prod_{v\in P}\frac{(tz[H_{P}(v)];q)_{\infty}}{(z[H_{P}(v)];q)_{\infty}}=\sum_{\sigma\in \mathcal{A}(P)}W_{P}(\sigma;q, t)z^{\sigma}=\sum_{\sigma\in \mathcal{A}(P)}W_{P}’(\sigma;q, t)z^{\sigma}$ . (14)
( ) $(q, t)$










$\sigma_{1}= 1^{/^{1}\backslash }1 /^{0}\backslash$







$\hat{\sigma_{1}}= 0^{/^{1}\backslash }0 \hat{\sigma_{2}}= 1^{/^{0}\backslash }1$
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